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Abstract — The long-standing Golomb-Welch conjecture deals 
with the existence of perfect error-correcting codes in the Lee 
metric. Although there is a vast literature on the subject the 
conjecture is still far from being solved. It seems that the methods 
used so far cannot be extended to deal with the remaining open 
cases of the conjecture. Therefore in this paper we initiate the 
study of an invariant connected to abelian groups. We show how 
this invariant is related to the Golomb-Welch conjecture. Then, 
using this new approach, we prove the non-existence of linear 
e-error correcting perfect Lee codes in the most difficult case of 
e = 2 for the word length n < 11. As it is widely believed that 
the Golomb-Welch conjecture is true, Lee codes being "close" to 
perfect were introduced. Using the new group invariant we show 
that quasi-perfect Lee codes are a natural extension of perfect Lee 
codes. So far, quasi perfect error-correcting Lee codes have been 
constructed only for the word length n = 2 over the alphabet 
Z q for all q. In the paper we construct the first quasi-perfect 
Lee code for dimension n = 3. On the other hand we show that, 
for fixed n, there are only finitely many quasi-perfect Lee codes 
over Z. We raise a conjecture, in terms of this new invariant, 
that there is no good approximation of perfect error-correcting 
Lee codes; i.e., that except for a few small cases, there are no 
Lee codes "close" to being perfect. 

Index Terms — perfect error-correcting codes, Lee metric, 
Golomb-Welch conjecture, quasi-perfect codes. 

It turns out that for some applications the Lee metric is 
more suitable than the most frequently used Hamming metric. 
The Lee metric has been used first time in ifTTl and 11281 when 
dealing with transmission of signals over noisy channels. Since 
then several types of codes in Lee metric have been studied. 
For example, the perfect error-correcting Lee codes introduced 
in J9), the negacyclic codes introduced by Berlecamp ||4), see 
also J5), ll22ll . Il23ll . and Q for other types of Lee codes. 
Several applications of Lee codes are given in ll27l . 

In this paper we focus on perfect and quasi-perfect error- 
correcting Lee codes. Except for practical applications, the 
Golomb-Welch conjecture [9| has been the main motive power 
behind the research in the area for more than 40 years. The 
conjecture states that, for n > 3, and e > 1, there is no 
perfect e-error-correcting Lee code of word length n over Z, 
shortly a PL(n, e) code. Although there are many papers on 
the conjecture, and the non-existence of PL(n, e) codes have 
been proved for many values of the parameters (n, e), the 
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conjecture is far from being solved. In these papers the authors 
use various methods when attacking the conjecture. However, 
in our opinion, each of these methods has its limitation 
and even their refinements or extensions will not settle the 
conjecture completely. More detailed account on the methods 
used will be given in Section 3. Therefore, in this paper we 
initiate the study of a new approach for tackling the conjecture. 
We have looked for a setting for the Golomb-Welch conjecture, 
also the G-W conjecture, in the area with a well developed 
theory containing many deep results. Therefore our approach is 
based on a new invariant related to homomorphisms of abelian 
groups. We guess that, using group homomorphisms, it will be 
possible to show that there is no linear PL(n, e) code. As only 
linear PL(n,e) codes have practical applications we guess 
that proving the non-existence of such PL(n,e) codes would 
constitute a big progress in solving the G-W conjecture. To 
complete the proof of the Golomb-Welch conjecture it would 
be needed to prove that if there is no linear PL(n, e) code 
then there is no PL(n,e) code. In other words, if there is no 
lattice tiling of Z n by Lee spheres of radius e, then there is 
no tiling of Z n by such Lee spheres. This means to answer 
in the affirmative a very special case of the second part of the 
Hilbert's 18th problem when the tile is a centrally symmetric 
cluster of cubes. For more information on the problem we 
refer the reader to EH], and lTT6l . 

Although the G-W conjecture has not been solved yet it is 
widely believed that it is true. Therefore, instead of searching 
for perfect Lee codes, some codes that are "close" to being 
perfect are considered; see e.g. [|2J, where quasi-perfect codes, 
QPL(n, e) codes, have been introduced. We show, by means 
of our new approach, that quasi-perfect Lee codes defined 
in (2) are a natural extension of perfect Lee codes. So far 
QPL(n, e) codes have been found only for n — 2. Using our 
new approach based on group homomorphisms we construct 
first QPL(n, e) codes for n > 2. On the other hand, it is 
shown in this paper that a reason behind the non-existence 
of perfect Lee codes extends to the non-existence of quasi- 
perfect Lee codes. More precisely, that for each n > 3, there 
are at most finitely many values of e for which there exists a 
quasi-perfect e-error-correcting Lee code in Z n . 

The paper is organized as follows. In Section 2 we recall 
notation, terminology, and introduce some notions. In Section 
3 we survey results on the G-W conjecture and briefly describe 
used techniques. Our new approach to the G-W conjecture is 
described in the fourth section. Some related results are given 
there as well. We believe that the most difficult part of the G- 
W conjecture is the case when e — 2; i.e., the transition case 
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as there are PL(n,e) codes for e = 1. Using the introduced 
method we prove that there are no linear PL(n, 2) codes for 
7 < n < 11. Section 5 is devoted to quasi-perfect codes. In the 
last section we raise several conjectures. One of them claims 
that, for n > 3, there is no good approximation of PL(n, e) 
codes; i.e., except for a few small cases, there are no Lee 
codes "close" to being perfect. 

I. Terminology and Basic Concepts 

First we recall notation and terminology common in the 
area of Lee codes. As usual, let Z be the set of integers, and 
Z n stand for the 7i-fold Cartesian product of Z. Throughout 
the paper we will use Z n for the abelian (component-wise) 
additive group on Z n as well. It will always be clear from 
the context whether we have in mind the set or the group on 
this set. Because of the coding theory context the elements 
of Z n will also be called words. The Lee distance (=the 
Manhattan distance, the zig-zag distance) p L (v,w) of two 
words v = (vi, V2, v n ), w — (wi, w n ) in Z n is 

n 

given by p L (v,w) = J] \vi - w t \. By S n>r (v) we denote 

i=l 

the Lee sphere in Z n of radius r centered at v\ that is, 
S n ,r(v) = {w; p L (v,w) < r} . In the case that the sphere 
is centered at the origin O = (0, ...,0), we will drop O in 
S n ,r(0) and write simply S nr . We recall, see e.g. [9|, that for 
the volume of the sphere S n . r we have \S n . r \ = 2 fc (") 

fc>0 

Further, as usual, a will stand for the word 
(0, 0, 1, 0, 0), where the only coordinate that equals 1 is 
the i-th coordinate, and we will use [a, b] as a shorthand for 
all integers n,a < n < b. [a, b] will also be called a segment 
or an interval in Z. 

Let £ be a subset of Z n . Then C is called a perfect e-error- 
correcting Lee code in Z n , denoted PL(n,e), if 

(i) p L (v, w) > 2e + 1 for every v,w £ C; 

(ii) every word v 6 Z n is at Lee distance at most e from a 
unique codeword in C. 

If the condition (ii) is relaxed to 

(ii) every word v € Z n is at Lee distance at most e + 1 
from at least one codeword in C, then C is called a quasi- 
perfect e-error-correcting Lee code, a QPL(n, e) code. Quasi 
perfect Lee codes have been introduced and their existence in 
Z 2 have been proved in |2|. An efficient decoding algorithm 
for these quasi-perfect codes has been given in ifTJl . 

A subgroup of Z n is also called a lattice. If a code C is at 
the same time a lattice then C is called a linear code. Linear 
codes play a special role as in this case there is a better chance 
for the existence of an efficient decoding algorithm. 

Another way how to introduce a PL(n, e) code is by means 
of a tiling. Let V be a subset of Z n . By a copy of V we mean 
an image of V under a linear distance preserving bijection on 
Z n . Translations of V form a special family of copies of V. 
We recall that by a translation of V we understand the set 
V + x = {w; w — x + v, v € V} where x g Z n . As the sphere 
S n .r is symmetric, each copy of the sphere is its translation. A 
collection T = {Vi\i € 1} of copies of V constitutes a tiling 

of Z n by V if (a) \J Vi = Z n and (b) V n Vj = for all 

iei 



i 7^ j. If a tiling T of Z n by V consists only of translations 
of V then T can be described in the form T = {V + /; / € £} 
where C <zZ n . as to each copy of V in T there is a uniquely 
determined I e Z' a . A tiling T by translations of V is called 
periodic if C is periodic, i.e., if there exists p g Z so that 
v E £ implies v ± pet G £ for all i = 1, n. Clearly, each 
lattice tiling is periodic but the converse is not true in general. 

The following observation has been used by several authors, 
sometimes in an implicit form or using different notation, 
while studying PL(n, e) codes. 

Theorem 1: A set £ is a PL(n, e) code if and only if 
{S n ,e + /;/€£} constitutes a tiling of Z n by Lee spheres 

Proof: The condition (i) in the above definition of 
PL(n, e) codes corresponds to the condition (b) ViDVj = 0, 
while the condition (ii) is a reformulation of (a) (J Vi = Z n . 

■ 

II. Golomb - Welch Conjecture 

In this section we present a short account of the state of 
art in the Golomb-Welch conjecture, and describe various 
approaches how the conjecture has been tackled so far. 

For n = 2 and all e > 1, and for e = 1 and all n > 
1, PL(n,e) codes have been constructed by several authors, 
see ll26l . For all other cases of parameters (n,e) it has been 
conjectured by Golomb and Welch |9| that: 

Conjecture 2: There is no PL(n, e) code for n > 3 and 
e > 1. 

Using a counting argument it was proved there that there is 
no PL(3, 2) code. Also it is shown in [9 | that: 

Theorem 3: For each n there exists e„ so that for all e > e n 
there is no PL(n, e) code. 

The value of e n is not specified in [9 |. To prove Theorem [3] 
the authors use a clever geometric argument. First of all, they 
change the setting of the problem from discrete mathematics 
into a tiling problem in R n ; they associate a discrete object 
S n>e with a Lee sphere L n>e in R n ; where L„ )6 is the union 
of unit cubes centered at words in S n , e . We will describe the 
method in detail in the proof of Theorem [9] Unfortunately, the 
given type of argument cannot be used for proving the non- 
existence of a PL(n, e) code in the case when e is relatively 
small to n. 

Another type of a geometric argument, also making use of 
tiling by Lee spheres L n>e , has been used in [10| to settle 
the G-W conjecture for n = 3, and all e > 1. It is an 
elegant "picture says it all" proof that, unfortunately, cannot 
be extended to a higher dimension. Later Spacapan [24|, 
whose proof is computer aided, showed the non-existence of 
a PL(n, e) code for n = 4, and all e > 1. His method cannot 
be extended even to n — 5 as the number of cases needed to 
be checked in his approach grows too rapidly. It is showed 
in lfl2l that there is no PL(n, e) code for 3 < n < 5, and 
all e > 1. The only other value of parameters for which the 
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Golomb-Welch conjecture is known to be true is n — 6 and 
e = 2, see ifTTl . The last two results are proved using an 
algebraic/counting argument showing that a desired PL(n, e) 
code does not exist even in a "local sense". Unfortunately, also 
this method seems not to be suitable for bigger values of n 
while e is small. 

In some papers the non-existence of special types of 
PL(n, e) codes is proved. We mention here only two of 
them. Post lf2Tl showed that there is no periodic PL(n,e)) 
code for 3<n<5,e>n — 2, and for n > 6, and 
e > — j(3-\/2 — 2). To prove it Post used generating 
functions. Also this method looks to be unsuitable for small 
values of e. Post's result has been improved in ||25l , where it is 
proved that there is no periodic PL(n, e) code for e > n > 3. 

There are several reformulations of the Golomb-Welch 
conjecture. One is in terms of the perfect domination set in 
a graph isomorphic to Cartesian product of cycles, while a 
reformulation of the conjecture in terms of circulant graphs 
appears in [21 j. So far these two reformulations have not been 
helpful in progressing with the Golomb-Welch conjecture. 

At the end of this section we briefly describe two extensions 
of the Golomb-Welch conjecture. For a detailed account we 
refer the reader to lfj"5l . Diameter- d perfect codes have been 
introduced in the Hamming scheme by Ahlsvede et al. in |[T), 
while Etzion [8| extended the notion to Lee metric. Since, for 
d odd, a diameter-e? perfect Lee code is a PL{n,^-) code as 
well, these codes constitute a generalization of perfect error- 
correcting Lee codes. Therefore the conjecture stated by Etzion 
in J8) is an extension of the Golomb-Welch conjecture. A 
further extension of Etzion's conjecture to the perfect distance- 
dominating set in a graph G have been stated in [3 j. Unfortu- 
nately, as with the mentioned reformulations of the Golomb- 
Welch conjecture, the two extension has not contributed yet 
to the solution of the Golomb-Welch conjecture. However, we 
guess they shed a new light on the conjecture, see Conclusions 
for more details. 



x € Z n with 4>{x) = g. We will say that g 6 G is embedded 
at distance d from O if there is x G Z n , p^(x, O) = d so that 
4>{x) = g, and say that g is embedded at the minimum distance 
d if d = 7r(n, G, <f), g) = min{p L (x, O); where (f>(x) — g}. 
The embedding number of G into Z n with respect to <fi is the 
number n(n, G, (j)) = 7r(n, G, cf>, g). If <fr is not a surjection 
gee 

we set 7r(n, G, </>) = oo. The embedding number 7r(n, G) of 
G in Z n is set to be miri0 7r(n, G, (j>) where the minimum is 
taken over all homomorphisms </> : Z n — > G. Finally, for each 
k > 0, we set n(n, k) = mine n(n, G), where the minimum 
is taken over all abelian groups of order k. 

In the following example we illustrate the definition of the 
embedding number by means of the cyclic group Ziq . 

Example. Consider a homomorphism </> : Z 2 — » 
Z\e given by </>(ei) = 1, and <j){e2) — 5. Then 
n(2,Z 16 ,<j>,g) = for g = 0, iv{2, Z 16 ,<f>,g) = 1 for 
3 =1,5, 11, 15; tt(2, Z ie , <£,<?) = 2 for g = 2, 4, 6, 10, 12, 14; 
7T(2,Z 16 ,(f>,g) = 3 for 5 = 3,7,9, 13, and tt(2, Z i6 , 0, .g) =4 
for g = 8. Therefore, tt(2, Z le , </>)=0-l + l- 4 + 2- 6 + 3- 
4 + 4-1 = 32. The homomorphism <fi is illustrated in Fig.l. 
The Lee sphere £2,2 is bounded by a thick line, while 82,3 is 
bounded by a double line. The numbers given there are values 
of <f>((x,y)) E Zi6 at the given point of Z 2 . The elements in 
bold font and underlined are embeddings of elements of Zie 
at the minimum distance from the origin. If there were more 
embeddings of an element at the minimum distance we have 
picked one of them at random; e.g., there are two embeddings 
of 10 G Zie at the minimum Lee distance 2, and of 13 S Ziq 
at the minimum Lee distance 3. 



III. Embedding abelian Groups 

In this section we initiate the study of a new invariant of 
abelian groups. We show how this invariant is related to the G- 
W conjecture. When seeking a new approach to this conjecture 
we were looking for its reformulation in a setting of a well 
developed theory containing many deep results. We believe 
that this improves on a chance to attack the G-W conjecture 
successfully. It seems to us that the group theory is well suited 
to play this role. 

Let (G, o) and (H, ■) be two groups. We recall that a 
mapping <f> : H — >• G is called a homomorphism if <f>(u ■ v) = 
4>{u) o 4>(v) for any two elements u, v in H. In what follows 
we will always use abelian (component-wise) additive group 
on Z n as the group H. In this case the homomorphism <fi is 
fully determined by values of 0(e,), i = 1, .., n. 

Let G be a finite abelian group and tf> : Z n — > G be a homo- 
morphism. Clearly, as G is finite, and is a homomorphism, if 
g € G belongs to <fi(Z n ) then there are infinitely many words 



Fig. 1: Homomorphism <f> ■ Z 2 — > 

The (hypothetically) best value of 7r(2, Ziq) would be 
attained by a homomorphism, if any, <p : Z 2 — » Z\§, with the 
property that there are |52,i | — I £2,0 1 = 5 — 1 = 4 elements 
g of Z 16 with 7r(2,Z 16 ,0)'= 1: |5a, 2 | - \S 2 ,i\ = 13 - 5 = 8 
elements g of Zie with ir(2, Ziq, <fi) = 2; and finally \Z\e\ — 
\£>2,3\ = 16 — 13 = 3 elements of g with 7r(2, Ziq, cf>, g) = 3. 
Then, in total, tt(2, Z w , <t>) = 0-1+1-4+2-8+3-3 = 29. It will 
be shown in the next theorem that such an embedding for Ziq 
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is attained by the homomorphism <fi given by 0(ei) = 2 and 
4>(e.2) = 3. So, tt(2,Ziq) = 29. As the lower bound applies 
to any abelian group of order 16, we also have 7r(2, 16) = 29. 

To be able to show how the above introduced notion of 
group embeddings relates to the G-W conjecture we first 
present a lower bound on 7r(n,fc) and then state a theorem 
proved in |14|. A combination of the two results will provide 
a necessary and sufficient condition for the existence of a linear 
PL(n, e) code in terms of group embeddings. 

The following theorem provides the smallest possible value 
of ir(n, k). Let n,k > 1. Then there is a uniquely determined 
number r so that |S nr | < k < |S, vr+ i|. To facilitate our 
discussion we set /(n, fc) = ( 53 i(\ S n,i\ ~ \S n ,i-i\)) + (r + 

l<i<r 

i)(fc-|s n , r |). 

Theorem 4: Let k,n > 1. Then 7r(n, k) > f(n,k). More- 
over, 7r(n, k) = f(n, k) if and only if there is an abelian group 
G of order k and a homomorphism tj> : Z n — > G such that 
the restriction of <p to S n . r is injective and the restriction of 
<p to S n , r +i is surjective. In particular, if k = \S nr \ for some 
r > 0, then Tv(n, k) = f(n, k) if and only if there is an abelian 
group G of order k and a homomorphism <fi : Z n —> G so that 
the restriction of <j> to S n ,r is a bijection. 

We will say that a number k > (an abelian group G of 
order k) has an optimal embedding in Z n if 7r(n, k) = f(n, k) 
(if 7r(n,G) = /(n,fc)). 

Proof: First we prove that if G is an abelian group of 
order k and <fi : Z n — >• G is a homomorphism so that the 
restriction of </> to S n ,r is an injection, and the restriction of <j> 
to SVi.r+i is a surjection then ir(n, G, <f>) — f(n, k). Denote by 
Gd = {g; g € G, such that d = 7r(n, G, 0, #)}. In other words, 
for an element g £ G, we determine the minimum distance 
d from the origin at which g is embedded, and then place g 
into Gd- As <fr is a homomorphism Go = {0}. By definition 
of 7r, we have n(n, G, 0) = 53 7r(n, G, 0, <?), which in turn 

9 eG 

implies, by definition of Gd, 7r(n, G, 0) = 53 cZ | | . Clearly, 

d 

there are in Z n exactly |<SVi,d| — |£n,<J-l| words at distance d 
from the origin. Hence, in general, | | < \S n ,d\ — \S n ,d-\\ ■ 
However, as the restriction of to S n . r is injective, for all 
< d < r, we get \G d \ = \S n ,d\ - \S n ,d-i\ • In addition, 
because is surjective on S n , r +i, we get |G r+ i| = |G| — 
|'S'ti,t-| = k~ \S ntr \ . In aggregate, we proved that Tr(n, G, <f>) = 
Y^d\G d \ - ( £ i(|S n ,i|-|S„, i _i|)) + (r+l)(fc-|S Tl , r |) - 

d \<i<r 

f(n,k). In the case k = \S n , r \ for some number r, we have 
that the restriction of <f> on S n r is both injective and surjective; 
i.e., it is a bijective mapping. 

Suppose now that <p '■ Z n — >• G is a homomorphism such 
that the restriction of tj> is not injective on S 7lyr , that is, 

\4>(S n ,r)\ < \S n ,r\- As mentioned above, \G d \ < \S n ,d\ ~ 
|5„,d_i| . For d<r,we set e d = {\S n ,d\ - \S n ,d-i\) - \G d \ ■ 
Clearly, Sd > 0, and for at least one i < r, it is £j > 



|5„ )r | in turn implies Yj|Gd| > |G| — IS'n.rl- in f act > 

d>r 



E 

d>r 



G d \ = \G\ - \S n . r \ + Y,s d . We have ^,d\G d \ 



d<r d<r 

^d(\S nid \ - \S n , d -i\ - e d ), and ^d|G d | > (r + 

d<r d>r 

l)El Gd l = ( r + 1)(|G| - |5 n>r | + In aggre- 

^dlGdl = y^d|G d | + ^d|G d | > 



d<r 



d>r 



^d.e d - 



0, and |5 n>r | = |^(5 n , r )| 



e d . Clearly, |^(S„, r )| < 



d<r 



gate, 7r(n, G, 

(^rf(|5 n , rf |-|5 n , d _ 1 |-£ d ))+(r+l)(|G|-|5 ri>r |+^£ d ) 
(53 dd-Sn.dl - l-S^-iD) + (r + 1)(|G| - |5„, r |) _ 

d<r d<r 

(r+1) ^ £d - /(n, fc)+53(r+l-d)e d > /(n, fc)+J3 e d = 

/(n,fc) + \S n , r \ - |</>(5 n , r )| > /(n,fc). We proved that if cj) 
is not injective on S n . r then 7r(n, G, 0) > f(n,k). In fact 
our proof estimates the difference of 7r(n, G, 0) and /(n, fc) 
stating 7r(n, G, 0) - /(n, fc) > \S n , r \ ~ 10(^)1 ■ 

Finally, let <fi : — > G be a homomorphism such that the 
restriction of <f> is injective on S n ,r, but it is not surjective on 
S n ,r+i- Then there is at least one element g of G such that 
g i <j>(S n ,r+i), thus |G r+ i| = |G| - |5„, r | - £, where e > 
and 53 1^1 = e - O n the other hand, as (f> is injective, 

\4>{sS)t 1= \ S nA , that is, \G d \ = \S„a\ - \S n , d -i\ for 
d < r. We have 7r(n, G, (f>) = J2d\G d \ = J2d\G d \ + 

d d<r 

53 d \G d \ - 53 d(\S n ,d\ - \S n>d -i\) + (r + 1)(|G| - \S n , r \ - 

d>r d<r 

e) + 53 d\G d \ = f(n,k) - (r + l)e + 53 d\G d \ > 

d>r+l d>r+l 

f(n, k)~(r + l)e + (r + 2)e = /(n, k) + e > f (n, k). 

In aggregate, if k is a number so that there is no abelian 
group G of order k for which there exists a homomorphism 
4> : Z n — > G that is injective on <S„. r , and surjective on SV^r+i, 
then 7r(n, fc) > /(n, fc). The proof is complete. ■ 

Now we state a result from [14] that is crucial for explaining 
how a group embedding relates to the G-W conjecture. 

Theorem 5: Let V be a subset of Z n . Then there is a lattice 
tiling of Z n by translations of V if and only if there is an 
abelian group G of order \ V\ , and a homomorphism : Z" —> 
G so that the restriction of <f> to V is a bijection. 

Combining the above two theorems we get one of the main 
results of the paper that shows how the embedding number is 
related to perfect Lee codes. 

Theorem 6: Let n > 2,e > 1. Then there is a linear 
PL(n, e) code if and only if there is an optimal embedding 

of k = \S n e \ in Z n ; that is, if and only if 7r(n, |5„ )e |) = 
f(n, \S n , e \)- 

Proof: Let k — \S ne \ . Then, by Theorem |4] k has an 
optimal embedding in Z n if and only if there is an abelian 
group G of order k and a homomorphism : Z n — > G so that 
the restriction of to 5„. e is a bijection. This is equivalent 
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to, see Theorem [5] that there is a lattice tiling of Z n by S n , e > 
which in turn is equivalent to the existence of a linear PL(n, e) 
code, see Theorem Q] ■ 

Another main result of the paper claims that each k has an 
optimal embedding in Z 2 . 

Theorem 7: Each k > 1 has an optimal embedding in Z 2 . 
In particular, for each k > 1, the cyclic group Zk has an 
optimal embedding in Z 2 . 

Proof: The intersection of the sphere S 2>r with the line 
x + y — m is non-empty if and only if — r < m < r. We will 
denote it by / r m . It is easy to verify that l r , m comprises points 
(x, y) in Z 2 with [^] < x < [m±r\ , [23=n] < y < 
L^^J ' an( ^ x + y = m, i.e., the x-coordinate ( and also the 
y-coordinate) of points in l r m form a segment. Now we split 
the sphere S 2 r into an upper part, a lower part, and the origin 
as follows. Set S 2 , r = {{x,y); {x 7 y) G S2, r ', and x + y — m, 
where < m < r, or m = and x < 0}. Further, S 2 r = 
S2,r-S 2 , r ~{(0, 0)}. As (x, y) G S 2 . r implies {—x, —y) G S 2 ,r 
we get 4>(S r ) = —<f>(S r ) for each homomorphism <f> : Z 2 — > G, 
an abelian group, where — g is the inverse element to g G G. 

Let $ : Z 2 2 be a homomorphism given by $(ei) = 
r, and $(e2) = r + 1. Then $(J r . m ) is a segment. Indeed 
$((x, y)) - $((z + 1, y - 1)) = rx + (r + l)y - r(x + 1) - 
(r + l)(y — 1) = 1. Moreover, we showed that $ is decreasing 
on Z r m in the following sense: if x + y = x' + y' = m with 
x < x' , then $(x,y) > &(x',y'). To prove that $(/ r , TO ) and 
$Gr.m+i) constitute two consecutive segments we show that 
*(ir,m)n$(Z r , m +i) = 0, and $(Z rim )U$(Z r , m+ i) is a segment 
as well. To do so, it suffices to verify (because $ is decreasing 
on l r ,m) that the value of $ at the point (x, y) in / r m with 
the smallest value of x, is by one smaller than the value of 
$ at the point (x, y) in l r , m +i with the largest value of x. 
Thus, we need to show that $((m - , )) + 1 = 

$((m + 1 - \ m+ 2 ~ r ] , r m+ 2 1 ~ r l )), that is, r(m - [ ) + 
(r+1) L^J+l =r(m+l-[^^]) + (r+l) l 21 ^] . 
By simple manipulation we get rrn+ L 12 ^- 2 -] +1 = |" m+ 2 1 ~ r ] + 
r(m+l), that is equivalent to +1 = [ m+ 2 ~'' l +r, i.e., 

I J + 1 = l^j 1 - + 5] j which is clearly true for all r, m. 
So we proved that $(£ r , OT ) n $(Z r . m+1 ) = 0, and $(Z r , m ) U 
^('r,m+i) i s a segment for each r,m. This in turn implies 
that $(52, r ) is a union of consecutive segments. In aggregate, 
<&(S 2 ,r) is a segment of length |S 2 ,r| = 2r 2 + 2r + l, that is, the 
restriction of $ to S 2 ,r is an injection. We point out that the 
point of l r . r with the smallest x-coordinate is the point (0, r). 
Therefore $((0,7-)) = max$(S 2 , r ) = r(r + 1). On the other 
hand, the point of l r< o with the largest x coordinate is the point 
(-1,1), Thus, $((-1,1)) = min$(5 2 , r ) = 1- In aggregate, 
$(£2 r) = [l,f*(r + 1)], and because $ is a homomorphism, 
$(5 v ) = [-r(r + l),-l]. 

Now we are ready to prove the statement of the theorem. 
First, let 

(i) k — \S2, r \ — 2r 2 + 2r + 1 for some r. Consider the 
homomorphism <fi : Z 2 — > Z^ given by 4>{ e \) — r > <?K e 2) = r + 
1, and let $ be the homomorphism described above. Clearly, 
4>{u) = $(«)(modi;) for each u G Z 2 , and thus 4>((x,y)) = 



$((x,?/)) for (z,y) G S 2 , r as $(S 2 ,r) = _[l,r(r+l)] and 
r(r + 1) < fc. In addittion, </> is injective on 5 2 , r because $ is. 
Further, as <j> is a homomorphism, is injective on S 2 r and 
<t>(S-2,r) = [-r(r+l),-l](modfc) = [-r(r+l)+k,-i+k] = 
[r(r + 1) + l,2r 2 + 2r]. In aggregate, ^(^.r) = 0(^ 2 , r ) U 
(t>{S 2 , r ) U 0((0, 0)) = [0,2r 2 + 2r] = [0,fc - 1]. Thus, the 
restriction of to iS2,r is both an injection and a surjection. 
Therefore <f> a bijection, which means, by Theorem @] that k 
has an optimal embedding in Z 2 . 

(ii) Let r be so that |S 2 ,r| < k < |S2, r +i| ; that is, 2r 2 + 
2r + 1 < k < 2r 2 + 6r + 5. We will split the proof into two 
cases. 

(iia) \S 2 , r \ = 2r 2 + 2r + 1 < k < 2r 2 + 4r. 

Let (f> : Z 2 — > Zfc be the homomorphism given again 
by <p(ei) — r, 0(e 2 ) = r + 1. Similarly as above, 
4>{u) — $(u)(modfc), which implies <fi(S2, r ) = $(5 2 ,,) = 
[l,r(r + 1)]; in addittion, cf> injective on S2, r because $ is. 
Since <f> is a homomorphism we get (t>(S 2 r) ~ —4>{^2.r) = 
[-r(r + l),-l](modfc) = [-r(r + 1) + k,-l + k]. As 
k > 2r 2 + 2r + l.we have — r(r + 1) + k > r(r + 1), 
and this implies 4>{S 2 r ) n cj>(S2,r) = 0- Thus <j> is an 
injection on 5 2 r - To finish the proof we need to show that 
0(^2, r+i ) = Zk, that is, that the restriction of cf> to S^r+i i s 
a surjection, c.f. Theorem |4] It was mentioned above that $ is 
decreasing on l r +i, r +i- Therefore, it is $(Z I . + i, r+ i) = [$((r+ 
l,0)),$((0,r+l))] = [r(r+l),(r+l)(r+l)j. Then <j>(X) = 
$(X)(modA;) implies <f>(S 2 , r +i) 3 $(5 2 ,r) U $(/ r +i,r+i) = 
[l,r(r + l)]U[r(r+l),(r + l)(r + l)] = [l,(r + l) 2 ]. In turn, 
= -HSr) implies 0(5 r ) D [-(r + l) 2 , -l](mod k), 
that is, 0(S r ) D [-(r + l) 2 + k, -1 + fc]. However, it is 
(r + l) 2 > k — (r + l) 2 because in this case k < 2r 2 + 4r. 
Therefore 0(5 2 . r +i) = [0, k — 1], i.e., ^ is a surjection on 

(iib) 2r 2 + 4r + 1 < fe < 2r 2 + 6r + 5 = |S r+ i| . 
Consider a homomorphism $' : Z 2 ^ Z given by $'(ei) = 

7- + 1, $'(e 2 ) = r + 2. Translating the results obtained above 
for the homomorphism $ into the language of $' we get that 
the restriction of $' to 5 2 . r +i is injective, and $'(£2^+1) = 
[1, (r+l)(r+2)], $'(£ 2 ,r+i) = [-(r+l)(r+2), -1]. Further, 
as $ is decreasing on l r _ m for each r, m, and the smallest 
value of $(Z r , m ) is by one bigger than the largest value of 
$(J r ,m-i), then max$'(5 2 ,,.) = $'((0,r)) = r(r + 2). 

Let (j> : Z 2 —> Zk be a homomorphism given by 4>(ei) = 
r+1, 4>(e 2 ) = r + 2. Hence, 4>(u) = $'(u)(mod fc), which in 
turn imphes (t>(S 2 , r +i) = HS 2 , r +i) = [1, (r + l)(r + 2)] D 
[1, ^i]. Further, as is a homomorphism, (f)(S_ 2 r+1 ) = 
-4>{S2, r +i) 3 [-^i,-l](modfc) = + 
fc] = [£±I,fc - 1]. In aggregate, 0(5 2 ,r+i) = 0(S 2 ,r+i) U 
0(£ 2 ,,+i) U 0((O,O)) D [1,^] U [*±M - 1] U {0} = 
[0, fc — 1]. Thus, the restriction of </> to S 2 . r +i is surjective. 
To finish the proof we need to show that the restriction of 4> 
to S*2,r is injective. 

We recall that the restriction of $' to S 2<r is injective and 

max$'(5 2 , r ) = $'(0,r) = r(r+2)^Thus $^(S 2 , r ) C [l,r(r+ 
2)]. Therefore cf> is injective on S 2 , r , 4'(S2,r) C [1, ^^]. 
Further, is injective on S_ 2rl and 0(£ 2 r ) = — <j>{S 2tT ) C 
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-4=1,-1] (mod A) = [h=L + k,-l 



| = [4±l,fc-l]. 
Hence, (j)(S2, r ) H 4>{S_2r) i s em pty, which in turn implies 
that the restriction of <fi to S n . r is an injection. The proof 
is complete. ■ 

Remark 8: We had to consider two cases in the above 
proof because the restriction of the homomorphism cf)(ei) = 
T,<j>{e-2) = r + 1 to S^.r+i is n °t always surjective for 
2r 2 + 4r + 1 < k < 2r 2 + Qr + 5, while the restriction of 
homomorphism 4>{ei) = r + 1, 0(e 2 ) = r + 2 to S^.r is n °t 



2r + 1 < k < 2r 



4r. 



always injective for 2r 2 

The following theorem shows that also in this case the 
results for n > 3 dramatically differ from those for n = 2. 
While any fc > has an optimal embedding in Z 2 , for each 
n > 3 there are only finitely many numbers k having optimal 
embedding in Z n . 

Theorem 9: For each n > 3, there is a fc„ so that no k > k n 
has an optimal embedding in Z n . 

Proof: This proof uses ideas developed to prove Theorem 
7 in J5)- For the reader's convenience we provide a complete 
proof. First of all, we remind the reader that Lee sphere, L n ,r> 
in P" of radius r is the union of unit cubes centered at words 
in S njr . So, while S n . r is a finite set of points, the sphere 
L n r is a contiguous set in R n . The volume V of L n r equals 
the number of words in the sphere S n y, thus V{L n , r ) = 
2*(™)(Q. Further, we use P„ iT . for the smallest convex 



i>0 



polytope containing the 2n points ±(r 



= 1, ...,n. In 



other words, P„ r is the smallest convex polytope containing 
2n center points of (n— l)-dimensional extremal hyperfaces of 
L n>r , Thus, P2,r is a square while p3 r is a regular octahedron. 
For the n-dimensional hypervolume of the regular polytope 
P n .r we have: V(P n , r ) = ( - 2l " + , 1 - > . If there was a tiling of R n 
by Lee spheres L n , r then this tiling would induce a packing 
of R n by regular polytopes P n . r . 

Assume now that an integer k has an optimal embedding 
in Z n . Then, by Theorem |U there is a homomorphism cj> : 
Z n — s- G, an abelian group of order k, so that the restriction 
of cj) to S n . r is injective and the restriction of <f> to S n>r +i 
is surjective. Therefore we are able to choose a set K of k 
points in Z n so that S n>r C K C SVi.r+i and the restriction 
of <^> on T^T is a bijection. By Theorem [5] induces a lattice 
tiling of Z n by copies of K. This in turn implies that there is 
a lattice tiling T of R n by the tile Tk comprising unit cubes 
centered at points in K. Since S n>r C if, the Lee sphere L„ r 
is a subset of Tr-. Therefore, tiling T induces a packing of 
R n by Lee spheres L n<r , which in turn induces a packing of 
R n by polytopes P n%r . 

It is known, see [7|, that regular polytopes P n .u do not tile 
R n . Further, c.f. 0, if a polytope does not tile R n , then the 
packing efficiency a of P™ by this polytope is strictly less 
than 1. As the packing of R n by copies of P n r has been 
induced by tiling T of R n by the cluster of unit cubes Tk, 
v ( Pn > r ) < a . Therefore, there is no tiling T of R n by a tile 



V(T K ) 

T k for 



VjPnA 

V{T K ) 



However, for the volume V(T k ) we have V(L n r ) < V(Tf.) < 
V(L n r +i). Therefore, for n fixed, 



lim V ( p ">r) 

r^-oo V(L n r ) 



lim — . m , 



lim 



F(P n , r 



1 



V(L n ,r+l) 

as the coefficient at the leading term of both polynomials 
V(L nir ) and V(L n<r+ i) is ^-jr n . Thus, there is a fc„ so that, 



for all k > fe n , we have 



> a. That is, by 0, for 



> a 



(1) 



k > k n , there is no tiling of P" by Tk, that is, there is no 
tiling of Z n by the set K in this case. This in turn implies 
that k = | if | does not have an optimal embedding in Z n . The 
proof is complete. ■ 

At the end of this section we prove the non-existence of a 
linear PL(n, e) code for some new values of parameters. 

Theorem 10: There is no linear PL(n, 2) code for 7 < e < 
11. 

Proof: We have proved the statement using an extensive 
computer search. For illustration we describe the case n = 7 in 
detail. By Theorem [6] we need to show that k = |*SV,2 1 = 113 
does not have an optimal embedding in Z 7 . As 113 is a prime, 
we in fact need to show that the cyclic group Z 113 , the only 
group of order 113, does not have an optimal embedding in 
Z 7 . That is, we need to show that for no homomorphism 
4> : Z 7 — > C%i3 the restriction of <p to SV,2 is a bijection. As 
mentioned above, any homomorphism is uniquely determined 
by the values of <fi(ei), i = 1, 7. Hence we need to show 
that for any 7-tuple (<p(ei), ...,4>(s7)) the homomorphism 
determined by this tuple restricted to SV,2 is not a bijection. 
So in fact we need to check 113 7 cases. However, this number 
can be reduced significantly using the following observations. 
First of all we may assume wlog that <f>(ei) = 1, and that 
4>(ei) < 56 for 2 < i < 7. Indeed, as 113 is a prime, there is, 
for any element a € Z113, an automorphism a of Z113 such 
that a(l) = a. Therefore, if there exists a homomorphism with 
the required properties, there has to be such a homomorphism 
with 4>{e\) = 1 as well. Further, for each element a in Z113, 
either a or its inverse —a is smaller than 56. Setting 4>(ei) = a 
or (j)(ei) = —a does not influence whether the required 
homomorphism exists as <f>{— ej) = — <fi(ei). Therefore we can 
always choose for the value of </>(ej) the smaller of the two; 
i.e., wlog we may assume <fr(ei) < 56. So we have already 
reduced the number of cases that need to be considered from 
113 7 to 56 6 . To reduce it significantly even further, we are 
not going to choose the complete 7-tuple (</>(ei), (j>(ef)) 
at once, but we choose the value of ^(e,) only after the 
values of <f>(e.j),j < i, have been chosen. Having in mind 
that the restriction of <f> to SV,2 is supposed to be a bijection 
it suffices to restrict the choice of 4>( e i) to the elements from 
the set K = [1,56] - {±cj)(e jl ) ± 0(e j2 ); for ji,j 2 < «}• 
This drastically limits the number of cases and the calculation 
is very fast. As the described algorithm is very simple and 
therefore the program is very short, we strongly believe that 
it works correctly. 

As to n = 8, ...,11, we only note that |S n ,2| = 
145,181,221, and 265, respectively. Hence, for all n = 
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8, 11, l^n^ | is a square free number, that is, for all of 
these values there is only one group of the given order. 
Therefore wee need to prove the non-existence of the desired 
homomorphism only for the corresponding cyclic group. ■ 

We remark at the end of this section that it would not be 
difficult to prove the non-existence of a linear PL(12, 2) code 
as 1 5'i2,2 1 = 313 is a prime, thus there is again only one group 
of this order. A computer program based on the same idea as 
described in the above proof would differ from the program 
for n = 11 in adding 8 lines for one more cycle. We have 
not done it as we proved the non-existence of linear PL(n, 2) 
codes, n = 7, 11, only to illustrate the usefulness of the new 
notion of group embeddings. We hope to be able to prove the 
non-existence of PL(n, 2) codes for all n > 7 without using 
a computer. 

IV. Quasi-Perfect Lee codes 

It is highly probable that a PL(n, e) code does not exist 
for n > 3, and e > 1. To cope with the problem, codes that 
are "close" to being perfect have been considered. One option 
are the quasi-perfect codes, QPL(n, e) codes, introduced in 
J21; see Section 2 for their definition. Also in this case we 
focus on linear QPL(n, e) codes as otherwise the existence 
of an efficient decoding algorithm is not likely. The next 
theorem shows how the quasi-perfect codes relate to optimal 
embeddings introduced in the previous section. In fact it shows 
that quasi-perfect Lee codes are a natural extension of perfect 
Lee codes. 

Theorem 11: A linear QPL(n, e) code exists if and only if 
there is a number k, \S n>e \ < k < |SV!,, e +i| , having an optimal 
embedding in Z n . 

Proof: Assume first that k, \S n ,e\ < k < ISV^e+il , has an 
optimal embedding in Z n . That is, there is a homomorphism 
<fi : Z' a — > G, an abelian group G of order k, so that the 
restriction of <\> to S n . e is an injection and the restriction of 
<fi to Sn.e+i is a surjection. Choose a set K, \K\ = k, of 
words in Z n so that the restriction of </> to K is a bijection 
and S ne Q K C S n ,e+i- By Theorem [5] <fi induces a lattice 
tiling T of Z n by K. Consider the set of words £ such that 
v € £ if 4>(v) — 0, the zero element of G. It is well known 
that £ is a lattice. For any two words u, v € £ we have 
p L (u,v) > 2e + 1 as S n ,e ^= K. Since T is a tiling, to each 
word w E Z n there is copy of K w of K so that w E K w , and 
K C SVi.e+i guaranties that w is at distance < e + 1 from 
at least one word in £. Thus, we proved that £ constitutes a 
linear QPL(n, e) code 

Now, assume that £ cZ n is a linear QPL(n,e) code. We 
will prove that there is a number k, \S n , e \ < k < \S n , e +i\ , so 
that k has an optimal embedding in Z n . As £ is a linear code, 
£ is lattice. It is well known that Z n / C = G, where G is an 
abelian group. In order to prove our statement we show that 
G has an optimal embedding, and |5„. e | < \G\ < ISV^e+il . 
Consider a mapping </5 : Z n — > G so that <fi(u) = g if u 
belongs to the coset [g] of Z n / C. Clearly, <fi defined this way 
is a homomorphism, and £ = ker(</>). First we show that 
the restriction of <fi to S n r is an injection. Assume to the 



contrary, that there are two words u,v E S n , e ,u ^ v, such 
that cf>(u) = <fi(v). Set w = u — v. Then 4>(w) = <fi(u — w) = 
<fi(u) — 4>(v) = 0. Thus, w E C is a codeword. However, 
this is a contradiction as p L (w,0) = p L (u,v) < 2e which 
contradicts the condition (i) in the definition of QPL(n, e) 
code. Hence we proved that <\> is an injection on S n , e , which 
at the same time implies that \G\ > \S n , e \ . 

To prove that the restriction of <fi to SV^e+i is a surjection, 
consider an element g E G. Let m be a word in Z n with 
<fi(u) = g. As £ is a QPL(n, e) code, for each word u E Z n 1 
there is a codeword w E £ so that p L (u, w) < e + 1, and for 
v = u — w we have \v\ < e + 1, that is v = u — w E S nte+ \. 
As is a homomorphism, 4>(u — w) = (j>(u) — 4>{w) = g — 
= g. Therefore, the restriction of <fi to S n e is a surjection, 
and consequently \G\ < ISV^+il . We proved that G has an 
optimal embedding in Z n , and therefore k — \G\ , \S n . e \ < 
k < ISV^e+il has an optimal embedding in Z n . ■ 

Now we state several corollaries of the above statement. 
Combining Theorem [TT] with Theorem [7] we get: 

Corollary 12: For each e there are at least IS^e+il — 1^2, e\ 
non-isomorphic linear QPL(2,e) codes. 

Proof: As each k, |S2,e| < k < |S2, e +i|i has an 
optimal embedding in Z2, we can assign to each k a linear 
QPL(n, e) code the same way as it was done in the proof of 
TheoremQT] These codes are obviously non-isomorphic as the 
corresponding packing of Z 2 by S n e has packing efficiency 

|S„,e| ' _ 

fe 

In practical applications we deal with finite perfect Lee 
codes. It is well known and relatively easy to see that if a linear 
PL(n, e) code, (a linear QPL(n, e) code), is p-periodic, then 
these codes induce perfect (quasi-perfect) linear Lee code over 
the alphabet Z"; these codes are usually denoted as PL(n, 2) 
codes (QPL(n, e,p) codes). As another corollary of Theorem 
QT|we get: 

Corollary 13: There is a linear QPL(2, e, k) code for each 

\S 2 , e \ < k < \S 2>e+1 \ . 

Proof: Let k be a number such that |<S2,e| < k < 
|52, e +i| ■ By Theorem|7] k has an optimal embedding in Z 2 , 
and by Theorem fTTI there is a linear QPL(n,e) code £. As 
above, £ is a lattice and Z n /C — G is an abelian group 
of order \G\ — k. Denote by the natural homomorphism 
(f) : Z n — > G. Further, each lattice £ is periodic, and for 
the smallest period p of £ it is: p — l.c.m.{ord(<f)(ei)),i = 
l,..,n}, where ord(g) stands for the order of the element 
g in the group G. It is well known that ord(g) divides the 
order \G\ of the group G. Hence also p divides \G\. Finally, 
if £ is p-periodic, it is also q-periodic for each q divisible by 
p. Therefore £ is a linear QPL(n,e) code that is k = \G\ 
periodic. This in turn implies there is a linear QPL(n, e, k) 
code. ■ 

The above statements show that for n = 2 there are 
relatively many linear QPL(2,e) codes. Unfortunately, by 
Theorem [9] and Theorem [TT] we immediately get: 
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Corollary 14: For each n > 2, there are at most finitely 
many values of e for which there exists a linear QPL(n, e) 
code. 

Now we concentrate on the case of n — 3 that is most 
likely to be used in a real-life application. It follows from the 
result of Gravier et al. ifTO) , that there is no PL(3, e) code for 
e > 1, so there is no optimal embedding for k = |S3, e | m Z 3 . 
However, there are values of k having an optimal embedding 
in Z 3 . 

Set K = [1, 21] U [27, 50] U {55, 117, 145} U [70, 102]U 
{117, 145} U [147, 151] U [153, 156] U [158, 165] U [167, 172] U 
[174, 177] U {182, 183, 190, 260, 261, 263, 264, 266, 267, 268, 
270, 272, 273, 274, 275, 276, 279, 282, 286, 288, 292, 300, 421, 
422,426,438,455}. 

Theorem 15: If k £ K, then k has an optimal embedding 
in Z 3 . 

Proof: To prove the statement, by Theorem |4] for each 
k £ K we need to find an abelian group G of order k and 
a homomorphism tj> : Z 3 — > G so that the restriction of <j> 
to S n ,r is an injection and the restriction of <\> to S n , r -|-i is 
a surjection; where r is the number so that \S n . r \ < k < 
\Sn,r+i\ ■ As the group G we used in all cases the cyclic group 
Zje- The required homomorphism has been found by a simple 
computer search. As is a homomorphism, all values of <f> 
are uniquely determined by the values of <j>(ei),i = 1,2,3. 
By inspecting all options for <fi(ei),i — 1,2,3 we found a 
suitable homomorphism for all k £ K. For example, for k = 
7 it suffices to choose <f>(ei) — i,i = 1,2,3; for k = 50, 
4>{ex) = l,<Me 2 ) = M(e 3 ) = 12; for k = 263, <£(ei) = 
1, 4>{e-2) — 24, <f>{e%) — 39, and for k = 455, a suitable choice 
is 0(ei) = 1, 0(e 2 ) = 16, </>(e 3 ) = 199. ■ 

In terms of linear QPL(n, e) codes we get: 

Corollary 16: There is a linear QPL(3, e) code for each 

e, 1< e < 6. 



Proof: For n = 3, it is \S 3 , e \ = |e 3 + 2e 2 + §e + 1. 
Thus, for e = 1,2,3,4,5, 6, and 7, we get that |<S 3 . e | = 
7, 25, 63, 129, 231, 377, and 575, respectively. A simple check 
shows that for each e, 1 < e < 7, there is a k £ K with 

\S*,e\ < k < |S 3 ,e+l| • ■ 

We strongly believe that: 

Conjecture 17: There is an optimal embedding of a number 
k > in Z 3 only for k £ K. In particular, there is a linear 
QPL(3, e) code only for e < 6. 

There are several pieces of evidence supporting the conjec- 
ture. We state here only the following theorem providing a 
(crude) bound on e. The statement of the theorem could be 
proved with the condition "linear" dropped. However, for the 
purpose of this paper, we prove only a weaker version of the 
theorem. 

Theorem 18: There is no linear QPL(3, e) code for e > 55. 

Proof: Suppose that C is a linear QPL(3, e) code. By 
Theorem [TT1 there is a k, \S$ e \ < k < [Ss e +i|> so that k has 
an optimal embedding in Z 3 . Using the language of the proof 



of Theorem [9] this implies that there is a lattice tiling of R n 
by a cluster Tf. of unit cubes, L 3 e C T fc c L n e+ i, with its 
volume V(Tf.) — k. Also, by proof of Theorem [9] there is 
no tiling T of R n by a cluster of unit cubes Tf~ with 



V(P 3 . 



V(T k ) 



> a, 



(2) 



where a is the packing efficiency of the regular polytope P^^. 
The packing efficiency a — y| of the regular octahedron has 
been determined by Minkowski in ||T8l . To prove the non- 
existence of a linear QPL(n, e) code we need to show that 
® is satisfied by all k, \Sa, e \ < k < |S3, e+ i| . Clearly, it 
suffices to show that (O is satisfied by k — |53, e +i| — 1 as 



< 



_ (2e+l) 



and 



nr^T) - -vmy Solving ® for V ^ 3 ^ - 
V(T k ) = \S 3>e+1 1-1 = f(e + l) 3 +2(e + l) 2 + |(e+ 1) we 
get that there is no linear QPL(3, e) code for e > 55. ■ 



V. Conclusions 

The Golomb-Welch conjecture claims that there are no 
PL(n, e) codes for n > 3, and e > 1. The statement has 
been proved, see (9), ||2T1 . and [25 1, for many pairs (n, e), 
where e is a relatively large number. Unfortunately, it seems 
to us that the methods used cannot be extended to other cases. 
In IflOl , IfTTI . and IfTSl! the non-existence of PL(n, e) codes 
have been showed for all values of e and n small. Neither 
these methods can be extended to small values of e while n 
grows. To deal with the problem we have initiated in this paper 
the study of a new invariant related to group embeddings. We 
have shown that the existence of a linear PL(n, e) code is 
equivalent to the existence of an optimal embedding of an 
abelian group G of order \S n , r \ in Z n . Since the theory of 
groups is well developed with many deep results we hope that 
this approach might turn to be useful in proving the Golomb- 
Welch conjecture. We believe that the most difficult case to 
prove the non-existence of a PL(n, e) code is that of e = 2. 
For a fixed value of n these are the "threshold" cases, as a 
PL(n, 1) code exists for all n > 1. Using methods developed 
in this paper combined with a computer search we have proved 
that there is no linear PL(n, 2) code for 7 < e < 11. 

In some real life problems perfect Lee codes would provide 
an optimal solution. As it is widely believed that there are 
no PL(n,e) codes for n > 3, and e > 1, codes that are 
close to being perfect are sought. For example, quasi-perfect 
Lee codes have been introduced in J3). It was shown there 
that a QPL(2,e) code exists for all e > 1. In this paper 
we have proved that the situation is dramatically different for 
n > 3. For each n there are only finitely many values of e for 
which a QPL(n, e) code might exist. We believe that the non- 
existence of a QPL(n, e) code for fixed n and e^> n provides 
supporting evidence that not only PL(n, e) codes do not exist 
for n > 3, e > 1, but even there is no good approximation of 
these codes. We express this belief as a conjecture in terms of 
group embeddings. 



Conjecture 19: For each 6 > there are n,k = \S n 
that n(n, k) > f(n, k) + S. 



so 
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That is, the difference between the embedding number 
7r(n, k) and the theoretical minimum f(n, k) of the embedding 
number grows without bounds. 

On the other hand, we believe that there are QPL(n, e) 
codes for arbitrarily large e. 

Conjecture 20: For each e > 1 there is n e so that a 
QPL(n e , e) code exists for all n > n e . 

A weaker form of the conjecture claims: 

Conjecture 21: There is a QPL(n, 2) code for all n > 2. 

At the very end we state another conjecture related to 
group embeddings. If true, then proofs of the non-existence 
of various types of Lee codes would be much simpler, and we 
would be able to get much stronger results. 

Conjecture 22: For each n > 2, and k > 0, n(n, Zk) < 
7r(n, G) for every abelian group of order k. 

Thus the conjecture says that to show that a number k does 
not have an optimal embedding in Z n it is sufficient to restrict 
the proof to the cyclic group Zk- 

As mentioned above, Etzion [8| has extended the Golomb- 
Welch conjecture to diameter perfect Lee codes. A further 
extension of the Golomb-Welch conjecture, that includes the 
conjecture of Etzion, is provided in [3|, where the notion 
of a perfect code is generalized to the notion of a perfect 
distance dominating set. A tiling constructed by Minkowski 
1 19 1 provides an exception to both extensions of the G-W 
conjecture. This leads us to believe that there might be a few 
exceptions to the Golomb-Welch conjecture; if any, then we 
feel there would exist a PL(n, 2) code for some values of n. 
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